Background: Transferrin and its receptors play an important role during the uptake and transcytosis of iron through blood-brain barrier (BBB) endothelial cells (ECs) to maintain iron homeostasis in BBB endothelium and brain. Any disruptions in the cell environment may change the distribution of transferrin receptors on the cell surface, which eventually alter the homeostasis and initiate neurodegenerative disorders. In this paper, we developed a comprehensive mathematical model that considers the necessary kinetics for holo-transferrin internalization and acidification, apo-transferrin recycling, and exocytosis of free iron and transferrin-bound iron through basolateral side of BBB ECs. Methods: Ordinary differential equations are formulated based on the first order reaction kinetics to model the iron transport considering their interactions with transferrin and transferrin receptors. Unknown kinetics rate constants are determined from experimental data by applying a non-linear optimization technique. Results: Using the estimated kinetic rate constants, the presented model can effectively reproduce the experimental data of iron transports through BBB ECs for many in-vitro studies. Model results also suggest that the BBB ECs can regulate the extent of the two possible iron transport pathways (free and transferrin-bound iron) by controlling the receptor expression, internalization of holo-transferrin-receptor complexes and acidification of holo-transferrin inside the cell endosomes. Conclusion: The comprehensive mathematical model described here can predict the iron transport through BBB ECs considering various possible routes from blood side to brain side. The model can also predict the transferrin and iron transport behavior in iron-enriched and iron-depleted cells, which has not been addressed in previous work.
Introduction
The central nervous system is protected by three principal barrier sites at the interface between blood vessel and brain tissue: the bloodbrain barrier (BBB), blood-cerebrospinal fluid barrier and the arachnoid barrier [1] . Among them, the BBB ensures the safety and proper functioning of brain by regulating the penetration of different nutrients/ molecules from blood to brain and vice versa. This dynamic and highly selective membrane prohibits the direct contact of circulating blood with the brain extracellular fluid in the central nervous system and protects the brain against invading organisms and unwanted substances [2] . The BBB is comprised of brain endothelial cells, which are connected by tight junctions [3] and adherens junctions [4] . Although all blood capillaries are separated from surrounding tissue by endothelial cells, the tight junctions between endothelial cells are only present in brain-blood capillaries [5] . These tight junctions are facilitated by different transmembrane and cytoplasmic proteins [2, 6] , and have the capability to restrict paracellular diffusion of water-soluble substances from luminal (apical) side to the abluminal (basolateral) side of BBB [7] . Moreover, the BBB endothelial cells do not provide any direct passageways such as fenestrations or channels, and have the minimal rate of pinocytosis for large lipophilic compounds [6] . These properties make the BBB highly selective to transport of biologics from cerebral capillaries to the brain parenchyma and vice versa.
Although the BBB tight junction helps to protect the brain from unnecessary intrusions, it makes the drug delivery across the BBB extremely challenging for treatment of brain diseases. As a result, the treatment of many neurodegenerative disorders is still ineffective, even though many potential drugs were screened out. One potential solution is to understand the transport mechanism of nutrients, such as iron, insulin, caffeine etc. across the BBB, and then mimic the mechanism for drug. Moreover, understanding the details of nutrient transport across BBB would help to prevent some neurodegenerative disorders like Alzheimer's and Parkinson's diseases.
Iron is a crucial element for fundamental metabolic processes of brain cells. Iron can serve as an electron acceptor and donor, which makes it vital for various physiological and metabolic processes such as oxygen transport in the cell and energy production in mitochondria. However, a change in iron concentration may cause malfunctions in important organs such as liver and brain. For instance, in case of Parkinson's, Alzheimer's and some other neurodegenerative disorders, an abnormally high level of irons has been reported in the brain [8] [9] [10] . On the other hand, millions of people are affected by so called anemia due to a significant deficiency of irons. Therefore, to maintain the homeostasis, the transport of iron across BBB and the iron level in the brain parenchyma must be properly regulated.
It has been reported that irons are primarily transported through cells via transferrin regulated processes. The receptors for transferrin regulated transport were discovered in the middle of 20th century for red blood cells [11] . Later it was found that many other types of cells also use these receptors for iron transport, and subsequently, the receptors were named as transferrin receptors [12] [13] [14] [15] . For BBB endothelial cells, the transferrin receptors were first identified by Jefferies et al. [16] in 1984. They hypothesized that the transferrin receptors are expressed on brain endothelium to facilitate the transport of transferrins and thus irons into the brain. After their initial findings, numerous experimental works were undertaken to address the iron transport mechanism in BBB endothelial cells [17] [18] [19] [20] [21] [22] [23] . These works have established that the brain derive its irons by the receptor-mediated transport of holo-transferrin through the brain capillary endothelium, although there are some debates on the exact pathway [24] . The first receptormediated transport of iron across the BBB was examined by Fishman et al. [17] with rat brain. Later, this receptor-mediated transcytosis was further validated by Raub and Newton [19] , Descamps et al. [21] and Burdo et al. [22] with bovine brain and retinal endothelial cells.
During the receptor-mediated transcytosis, irons transport unidirectionally from blood to brain, while transferrin can follow two routes: recycling to blood or transport to brain [18] . Burdo et al. [22] demonstrated that the transport of irons from blood to brain can occur in two forms: as free irons and transferrin bound irons. They have hypothesized that the free irons come from the acidification of holotransferrin in the endosome.
Although there are numerous experimental works on iron transport through different kind of cells, only a few theoretical works addressed the transferrin kinetics during iron transport into brain or other cells. This is, perhaps, due to the lack of information about the endocytosis and exocytosis mechanisms of iron-loaded ligand-receptor complex. Ciechanover et al. [25] experimentally determined a few parameters such as the rate of internalization, the rate of association and dissociation etc. for transferrin kinetics in human hepatoma cell, and proposed a mathematical model based on these parameters to study internalization and recycling of transferrin and transferrin receptors following the laws of mass action. Later, many researchers have worked on the transferrin kinetics with different kinds of cell lines, such as isolated rabbit reticulocytes [26] , epidermoid carcinoma cells [27] , Madin-Derby canine kidney epithelial cells [28] to determine the transferrin kinetics parameters experimentally. Mayle et al. [29] reviewed the parameter determination procedures and proposed an intracellular trafficking pathway of transferrin for a general cell, in which only transferrin endocytosis and recycling exist. However, in case of BBB endothelial cells, this pathway is not appropriate because these cells need irons for their own metabolism processes and, at the same time, they must supply irons to the brain side to meet iron requirements of neuron and other brain cells for proper functioning of brain [30] . To date, no mathematical model exists for the transcytosis of iron and transferrin though BBB endothelium.
In this study, a comprehensive mathematical model is proposed for transferrin transcytosis and iron transport through BBB endothelial cells. The rest of the paper is organized as follows. In following section, we present the overall transport process for iron and transferrin through the BBB endothelium. Next, mathematical models are formulated based on mass-action laws for iron uptake, endosomal dissociation, and exocytosis of free and transferrin-bound irons. In Section 4, a non-linear optimization technique is used for finding kinetic parameters for iron, A.I. Khan et al.
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transferrin and transferrin receptor complexes. Next, we validate the proposed model using the estimated kinetic rate parameters. We then investigate the effect of transferrin concentration in the apical side on iron transcytosis considering the normal operating condition in the cell. Finally, we extend the developed model to investigate iron transport from the apical side to the basolateral side for the iron-enriched and iron-depleted endothelial cells.
Overall transport system
In literature, there are different opinions on iron transport through BBB endothelial cells. Some researchers [20, 31] found in experiments that irons can only cross BBB endothelial cells as ions. While others experimentally demonstrated that irons can be transported through the basolateral membrane as bounded with transferrin, as well as free irons [22, 32, 33] . Radiolabeling of transferrin with 59 Fe demonstrated that transferrin bound irons can cross the BBB endothelial cells [21] . Here we consider all possible pathways for iron transport though BBB endothelial cells as shown in Fig. 1 . Transferrin receptors are transmembrane glycoproteins having two homologs: transferrin receptor 1 and transferrin receptor 2. Transferrin receptor 1 is a ubiquitously expressed receptor, and their expression on the cerebral capillary surface is regulated by the intracellular iron concentrations. On the other hand, the expression of transferrin receptor 2 is restricted to certain cell types such as liver, small intestine, and their expression is unaffected by the intracellular iron concentrations. Thus, throughout this work, only transferrin receptor 1 is considered since there is no evidence of transferrin receptor 2 expression on the endothelial cell surface [34, 35] .
Transferrin, an iron-binding protein, has a high binding affinity to the transferrin receptor (K d = 1-110 nM). The binding affinity of transferrin largely depends on its association with ferrous or ferric iron and pH of the medium [36] . Iron-loaded transferrin (holo-transferrin) binds with transferrin receptor at pH 7.0 [36] . It has been well established that once a holo-transferrin binds with the transferrin receptors on the endothelial cells surface at the apical side, the holo-transferrinreceptor (HTR) complex is internalized into endothelial cells by clathrin-mediated endocytosis [37] as shown in Fig. 1 . After the endocytosis, vesicles are trafficked and directed to early or sorting endosome where they are fused with early endosome. Once vesicles reach to the early endosome, the acidification of early endosome occurs by proton pumps and ferric irons are released from the HTR in an acidic pH 5-6 [38] . The released ferric irons are then reduced by the STEAP (six-transmembrane epithelial antigen of the prostate) and transported to the cytosol labile iron pool (LIP) by the divalent metal transporter 1 (DMT1) [39] .
LIP is the main compartment for iron and iron-containing compounds' metabolic pathway, and it reduces the availability of free iron inside the cells. From LIP, some irons are used by mitochondria and other organelles, some are stored inside the endothelial cells as hemeferritin, and the others are exported to the brain side by ferroportin [40] . At the acidified endosome (pH 5-6), apo-transferrins (transferrins without irons) bind with transferrin receptors tightly. These apotransferrins are recycled back to the cell surface following either a fast route (directly from endosome to cell membrane), or a slower route where apo-transferrin-receptor complexes first go to recycling endosome and then to the cell membrane [41] . Cargoes intended for degradation reside in the vacuolar domains of the acidified endosome and continue through the endosome-lysosome maturation process, and finally, degrade in the lysosome. On the other hand, cargoes containing intact holo-transferrin-receptor complex reside in the tubular domains of early endosome, and eventually are directed to the abluminal side of endothelial cells through recycling endosome [42] . Similar to synaptic vesicle exocytosis in neuron, the exocytosis of vesicular carriers in endothelial cells involves soluble NSF (N-ethylmaleimide-sensitive factor) attachment protein receptor (SNARE) proteins [43] . The proposed iron pathways contain iron transport mechanisms across the basolateral membrane considering both free iron and holo-transferrin, which will be useful to test the competing hypotheses provided by experimental studies.
Mathematical modeling
The endocytosis of transferrin-bound iron into the endothelial cell and the exocytosis through the basolateral membrane involves highly complex biochemical and biophysical processes. These complex processes are dictated by various events, such as expression of receptors on the endothelial cell surfaces, binding of receptors with ligands, membrane deformation, protein-protein and protein-lipid interaction for membrane fusion, etc. which are occurring at multiple time scales. So, it is not possible to include all the details of transport mechanism in the mass-action based mathematical modeling. However, all the important steps of iron transport and transferrin kinetics across the BBB are considered in this model.
Biological processes involved in iron transport
The overall process of iron transport through endothelial cell is shown in Fig. 2 , where the biological processes are separated into four sub-categories: Uptake/endocytosis of holo-transferrin by endothelial cells, dissociation of iron from holo-transferrin-receptor complex and transferrin recycling, exocytosis of free (non-transferrin-bound) iron, and exocytosis of transferrin-bound iron.
Uptake/endocytosis of holo-transferrin by endothelial cells
The cellular uptake of irons is initiated with the binding of ferric irons to transferrins in the circulatory (blood) system. It has been found 
This is a bi-directional process, where the hollo-transferrin-receptor (HTR) complex is formed on the apical surface. Next the HTR complex is internalized (i) into the cell with the help of clathrin, adapter protein 2, and dynamin
Throughout the manuscript, k with positive and negative subscripts represent forward and backward rate constants, respectively.
Dissociation of iron from holo-transferrin-receptor complex and transferrin recycling
After the internalization, clathrin coats dissociate from vesicles due to interaction between hsc protein family and clathrin [44] . Vesicles are then directed to early endosome, where some of them are acidified and ferric irons are released from the HTR i complex as
Then the ATR i (apo-transferrin-receptor) complex recycles back to apical surface,
and subsequently dissociates from the transferrin receptors as
This apo-transferrin (AT) is now ready to bind with ferric irons to form new holo-transferrin, while the transferrin receptor returns to the apical surface and is available to bind with holo-transferrin. This completes the transferrin recycling process.
The irons released inside the endosome (see Eq. (4)) eventually reach the labile iron pool (LIP) in the cytosol by crossing endosome membrane through DMT1. But, before crossing the endosomal membrane, the ferric irons are reduced by the STEAP protein, a metal reductase, as.
In our model, we assume that all the ferric iron reduces to ferrous iron before crossing the endosomal membrane.
Exocytosis of non-transferrin-bound iron
As stated earlier, labile iron pool acts as a source for cellular iron uptake, usage, storage, and export. Based on the demand of energy production, some irons are used by mitochondria and other organelles in the endothelial cell as,
Some are usually stored by the cells if there is no immediate usage [45] , while the rest are exported across the basolateral membrane through ferroportin for brain cells. It has been reported that at the time of crossing the basolateral membrane, these irons are oxidized from ferrous to ferric form by ceruloplasmin for brain use. 
Exocytosis of transferrin-bound iron
It has been well established that SNARE proteins are the main elements responsible for the membrane fusion in different kinds of cells [46, 47] . Three SNARE proteins have been identified for docking and fusion of vesicles with the target compartment: vesicle-associated membrane proteins, synaptosomal-associated proteins and plasma membrane proteins (Syntaxin). Different homologs of these proteins are responsible for vesicle secretion in different kind of cells. In case of endothelial cells, SNAP23, Syntaxin 3 or 4 and VAMP 3 or 8 regulate the docking and membrane fusion [43, 48, 49] . However, residency of Syntaxin 3 is restricted to apical membrane, whereas residency of Syntaxin 4 is limited to basolateral membrane [50] . Thus, Syntaxin 3 is responsible for recycling through apical membrane and Syntaxin 4 is involved in exocytosis through basolateral membrane. In an experimental study, Pulido et al. [47] found that VAMP 8 did not form stable ternary complex with SNAP 23 and Syntaxin 4, whereas VAMP 3 were able to form stable ternary complex during membrane fusion. Thus, their results suggest that the endothelial cells select VAMP 3 over VAMP 8 to interact with SNAP 23 and Syntaxin 4 during exocytosis. Therefore, in our model we assume that the hollo-transferrin bound vesicles attach to VAMP 3 while escaping from the endosomal compartment as
Later these vesicles are trafficked towards basolateral surface (bs) where they interact with target SNARE (t-SNARE) and form the full SNARE complex as
The t-SNARE is synthesized from the interactions between SNAP23 and Syntaxin 4 proteins as
The assembly of the full SNARE complex (HTRVT) brings the vesicle and basolateral membrane close to each other and open the fusion pores. During the fusion process, holo-transferrins are released from the vesicle into the brain side (Fig. 1) , and all other associated proteins are directed to their respective positions.
This fusion process is catalyzed by some other regulatory proteins such as NSF, small GTPase Rab27a, Slp4a (effector of GTPase rab27a), Syntaxin binding proteins (STXBP1 and 5), MyRIP, UNC13 in an undetermined way [48] . In our model, effects of these proteins are accounted for via the fusion rate constant k 11 . Moreover, in our model, it is assumed that as much receptors released on the basolateral surface are available on the apical membrane. In other words, there is no generation or degradation of transferrin receptors.
Conversion of biochemical equations into differential equations
To model all the processes listed in Eqs. (1)- (14), we develop a system of ODEs based on the law of mass action:
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(15.12)
(15.14) ). In this work, the unknown parameters are determined by applying a non-linear least square fit [54] . This method requires a range for searching the true value. In our study, this range is first sought for any endothelial cells. If data is not available in the literatures, reported value of that parameter for other type of cells is used. Moreover, if a specific rate constant is not reported for any kind of cells, we either considered a range that is reported for their homologs or determined the maximum and minimum values of that constant using the DebyeSmoluchowski equation as:
where R j, i is the radius of encounter in meter, D j, i is the diffusion coefficients of the reactants in cm 2 /sec and N av is Avogadro number.
Next, we present our method for finding the kinetic rate constant from a predetermined range. Let us consider the binding rate constant of holo-transferrin and transferrin receptors, k 1 which has been reported as low as 1.0 × 10 
where N is the number of experimental data points available for any parameter A, A exp is the experimental value of any parameter at time t, and A model is the value of that parameter predicted by the model at time t. Next, we change its value by a random amount and then recalculate the new squared deviation. If this new squared deviation is less than the previous squared deviation, then the new parameter value is kept. Otherwise, the previous value is used, and we move forward to find another rate constant until all the parameter values are selected. The program searches both upward and downward for more favorable values of those rate parameters by adding and subtracting a differential amount to those rate parameters for minimization of SD. Fig. 3 shows the plot for finding of two rate constants. As seen from analysis for all other unknown rate constants. Later this set of data is further refined by a search within a narrow range of one order of magnitude. Here, it is noteworthy to mention that the estimated parameters are not necessarily the unique value, rather they are a possible set of parameters that can reproduce experimental results. Although the method used in this paper is not the best one, it can provide specific values for each unknown parameters. All the rate constants (known and estimated) used in this analysis are listed in Table 3 , while the initial concentrations of required components are provided in Table 2 .
Results and discussion

Model validation
We first validate our model and parameters through comparison with experiments. Fig. 4 shows the numerically predicted (solid line) accumulation of transferrin inside the microvessel endothelial cells for different level of initial holo-transferrin concentration on the apical surface. Experimental data (symbol) from Raub and Newton [19] are also presented. In the experiments, cells were grown on matrix-coated plastic, and there was no transport of holo-transferrin to the basolateral side. For transferrin accumulation at different time, cells (at day 6 in culture) were incubated with 10 nM 125 I-transferrin at 37°C and the amount of cell-associated radioactivity were measured. As shown the model results agree well with the experimental data up to 1000 ng/ml of holo-transferrin in the apical side. However, experimental data indicate a saturation of transferrin accumulation above 800 ng/ml (10 nM), which is not reflected in our model result. Later, Descamps et al. [21] did similar experiments with the same brain capillary endothelial cells but no evidence of saturation was found for concentrations of holo-transferrin ranging from 100 to 1400 ng/ml (1.25 to 17.5 nM) in apical side. They argued that the differences were from different experimental protocols. For instance, in the work of Descamps et al., cells were transferred to another well at various time to avoid possible re-endocytosis of transferrin from the abluminal side of the endothelial cells. On the other hand, Raub and Newton [19] did the experiments with continuous incubation. In addition, the cells in Raub and Newton's [19] experiments were grown on a matrix coated plastic, the complete transcytosis was not possible and holo-transferrins accumulated at basolateral membrane. As a result, a large amount of receptors were occupied by the transferrins at basolateral surface and reduced the availability of free receptors at the apical surface for further endocytosis of holo-transferrin. In this study, we have considered the cell volume as 3000 μm 3 and the surface area of a cell is 120 μm 2 .
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Another reason for the discrepancy between model prediction and experimental data may be due to the assumption used for the transferrin receptors. In our model, we assume that as much receptors fuses with basolateral membrane during the secretion of holo-transferrin, the same number of receptors are expressed on the apical surface (see Eqs. (13) and (15.2) ). This assumption is reasonable if there is substantial recruitment of transferrin receptors from the intracellular pool to the active endocytotic pool as noted by Burdo et al. [22] . But it may not hold in some scenarios. For instance, Visser et al. [57] and Gelder et al. [58] experimentally found that the expression of transferrin receptors on the endothelial cell surface largely depends on the cellular iron concentration. As the intracellular iron concentration increases, the expression of transferrin receptors decreases and vice-versa. Thus, with the uptake of holo-transferrin from apical surface, the expression of transferrin receptor should decrease and, hence, the iron internalization capacity should also decrease. To account for this effect in a model, a relationship between intracellular iron concentration and transferrin receptor expression at cell surface is needed.
Another possible explanation for discrepancy between experiments and simulation is due to the considerations for very large number receptors per cell. A very large number of receptors can facilitate linear transport by providing excess free receptors at the surface of cells. However, the proper selection of receptors per cell was not very easy because for different kind of cells the number of receptors per cell is different. Even for the same kind of cell, different researchers reported different receptor density. For instance, Raub and Newton [19] reported there were 10000 ± 600 receptors/cell, whereas Descamps et al. [21] reported there were 35,000 receptors/cell for bovine brain endothelial cell. As a matter fact, Ciechanover et al. [59] reported even higher (50,000 receptors/cell) for human hepatoma cell line. Nevertheless, presence of large number receptors per cell and/or substantial recruitment of transferrin receptors from intracellular pool to active endocytic pool can prevent saturation of holo-transferrin accumulation even for higher level of hollo-transferrin (1200 ng/ml) at the apical side.
Our model is further validated by comparing with another independent experimental work [21] , where 17.5 nM of holo-transferrin initially present on the apical surface of the cells. The transport of holotransferrin through endothelial cells (from apical side to basolateral side) as a function of time is shown in Fig. 5 . An excellent agreement is obtained between the experimental and numerical results. In the experiment [21] , re-endocytosis of transferrin via the abluminal compartment was avoided by transferring the cells to another well at various time. Their experimental setup is in line with our model, where we have neglected the re-endocytosis through the abluminal side. Fig. 5 also shows that the transcytosis of holo-transferrin into the brain side is insignificant during the first 15 min of incubation. This time scale indicates the required period for holo-transferrin to cross the BBB endothelial cells.
Transferrin kinetics and iron transport in cell under normal condition
Recycling vs exocytosis
Next, we study the asymmetric efflux of transferrin from the endothelial cells and compare the results with experimental data [21] at 30 min. In the experiments [21] , pulse-chase measurements were made to quantify the possible ligand recycling to the apical side of the cells after endocytosis. To model the experimental observation, we ran the model for 1 h with 1400 ng/ml (17.5 nM) of holo-transferrin in the apical side to mimic the same experimental conditions of Descamps et al. [21] . All the other parameters used during the first 1 h simulation were kept same as in Tables 2 and 3 . Then the results are taken as the initial condition for most of the variables except the following compounds: HT bl , AT bl , HT br , Fe bl 3+ and Fe br 3+ . The initial values of these variables are set to zero, which is similar to washing of the cells and/or incubating with a new medium in experiments. After that we run the model for 30 more mins using the rate constants given in Table 3 . The results predicted by the model are presented in Fig. 6 . The percentage of transferrin that goes to the upper or apical compartment (apo-transferrin) is presented with red color line, while the percentage of holotransferrin that exocytose to lower or basolateral compartment is shown with blue color line and the percentage of holo-transferrin remains inside the cell is presented with magenta color line. Our modeling results indicate that after 30 min 68% of the transferrin is exocytosed to the basolateral side whereas 11% is recycled to the apical side. Our simulation results are consistent with experimental data, where they found that 10% of the transported transferrin was recycled to the apical side, whereas 75% was exocytosed to the basolateral side at 30 mins [21] . However, Raub and Newton [19] found that at 37°C only 15% of the endocytosed was exocytosed to the basolateral side, whereas 48% of the endocytosed was recycled back to the apical side. The contradicting results from the two experimental studies come from the differences in cell culture conditions and experimental protocols. Former experiment (Descamps et al. [21] ) cocultured endothelial cells with astrocytes whereas later experiment took the response of endothelial cells in culture with C 6 glioma cells. The glioma cell reduces the transcytosis across BBB whereas astrocytes may facilitate the transcytosis across BBB [21] . Moreover, former experimentalists worked with post confluent cells (5 days after visualization of the confluence) and they used saponin to gain access to intracellular transferrin receptors pool (90% of the receptors are located in the intracellular receptors pool [60] ). As a result, they reported receptor density of 35,000 receptors/cell, which is much higher than the value reported by Raub and Newton [19] . This difference in receptor density indicates that the intracellular iron concentration was different in those two cell preparations because receptor expression depends on the intracellular iron concentration [22] . In our model we have used receptor density of 35,000 receptors/cell, which is similar to the reported value of Descamps et al. [21] .
Effect of initial concentration of holo-transferrin on intermediate complexes
Experimental studies have limitations in quantifying various protein complexes that forms during transport of iron across the BBB. For instance, transferrin forms several complexes such holo-transferrin-receptor complex, apo-transferrin-receptor complex etc. at membrane A.I. Khan et al.
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surface and inside the cell by interacting with transferrin receptors and other proteins, which cannot be captured experimentally. However, an appropriately calibrated numerical model can predict the concentration of intermediate complexes at different time points. Here, using our model we study the effect of holo-transferrin concentration in apical side on the transcytosis of irons. For our numerical investigation, we keep all the initial concentrations and rate constants same as in Tables 2  and 3 , respectively, and vary the concentration of the holo-transferrin in the apical side. Fig. 7a shows the amount of holo-transferrin internalized by the endothelial cell over a period of 120 min. This internalized transferrin is computed by subtracting the holo-transferrin remaining in blood side from the initial value. As the concentration of holo-transferrin in the blood side increases, the internalized holotransferrin also increases during the 2 h period. However, as the holotransferrin concentration increases in the apical side, the percent of internalized holo-transferrin decreases. As shown in Fig. 7a , for 2 nM of holo-transferrin in apical side, 1.71 nM (or 85.5%) of holo-transferrin is internalized by the endothelial cells in 2 h. Whereas, for 40 nM of holotransferrin in the apical side, 29.52 nM (or 73.8%) of holo-transferrin is internalized in 2 h. Higher percentage of uptake with lower concentration of holo-transferrin is due to the fact that it is easier for ligands to find a free receptor at lower concentration. The number of free surface receptors remaining on the apical surface of cell is shown in Fig. 7b . As the holo-transferrin concentration increases in the blood side, the number of free receptors on the cell surface decreases. This is due to the fact that with increasing holotransferrin concentration in blood side, the internalization of transferrin-receptors complex increases, leading to less free receptors. In all cases, the number of free receptors on the cell surface first decreases, reaches minimum at around 20 min, and then increases. This is due to the fact that the internalization rate is much higher compared to exocytosis rate at the beginning. After 20 min, the exocytosis of holotransferrin to brain side increases and the internalized receptors recycle back to the apical surface, which increases the number of free receptors at the surface. Fig. 7b also indicates that even with 40 nM of holotransferrin, there is a large number of free receptors on the apical surface. This result also explains why the accumulation of holo-transferrin is not saturated even at high concentrations of holo-transferrin in the apical side (Fig. 4) .
As the ligand concentration increases, the internalization also increases (Fig. 7a) . This results in a sharp increase in both recycling of apo-transferrin (Fig. 7c) and transcytosis of holo-transferrin (Fig. 7d) . Fig. 7 (c) and (d) also show that during the first~20 min, the recycling and transcytosis of transferrin are almost undetectable. This indicates the time needed for recycling or transcytosis of transferrin through BBB endothelial cells. The predicted cycling time is comparable with other type of cells such as human hepatoma cell [25] and human choriocarcinoma cell [61] .
Transferrin kinetics and iron transport in iron-enriched and irondepleted cell
According to the World Health Organization (WHO), serum ferritin concentrations of < 15 μg/l indicate depleted iron states, whereas serum ferritin concentrations > 200 μg/l suggest severe risk of iron overload [62] . The intracellular iron concentration is generally related to the plasma iron level, which controls the surface receptors for transferrin binding at the apical side. Descamps et al. [21] reported 35,000 receptors for a normal endothelial cell. But this number will be higher and lower for the iron-depleted and iron-enriched cells. For our model, we have estimated the surface receptor density based on the existing experimental findings. Gelder et al. [58] This work k 7 Rate of transport of iron across basolateral membrane 1.8 × 10
This work k 8 Binding rate of HTR i and V 7.5 × 10 5 M −1 s
−1
This work k 9 Binding rate of tS with HTRV i complex 1. This work Fig. 6 . Temporal distribution of transferrin recycles to apical side, exocytoses to basolateral side and remains inside the endothelial cell. Here all concentrations are normalized with initially endocytosed holo-transferrin amount after first 1 h of incubation. The pulse-chase experiments of Descamps et al. [21] reported that 10% of the transferrin is recycled to the apical side, while 75% of the transferrin is exocytosed to the basolateral side at 30 mins. The concept of apical and basolateral side in a cell culture is shown in inset.
enriched cells, respectively. These values are consistent with the experimental works of Descamps et al. [21] . To predict the iron transport for iron-depleted and iron-enriched cells, we also need to re-adjust some of the kinetic rate constants. The internalization rate constant, k 2 is changed for iron-depleted and ironenriched cells according to the work of Gelder et al. [58] . They determined the half-life of internalization as 2. ) for iron-depleted and iron-enriched cultured cells, respectively.
The dissociation rate of apo-transferrin from apo-transferrin-receptor complex, k 5 depends on the pH of the apical medium solution. Thus, we consider the value of k 5 the same as normal cell. From = +
5 , we determine the rate of recycling of apo-transferrinreceptor complex, k 4 on the apical surface. Finally, we have modified the acidification rate, k 3 for iron enriched and iron depleted cell. Since iron-enriched cells already have sufficient irons, acidification in the endosomal compartment is greatly reduced. On the other hand, irondepleted cells are suffering from iron deficiency, so they need more irons to regain the normal functions. As a result, a high acidification rate in the endosomal compartment is necessary in iron-depleted cells. Here, we determine the acidification rates for both iron-enriched and iron-depleted cell by comparing the model output with the experimental results of Burdo et al. [22] . The rate constants used for iron transport in iron-depleted cell and iron-enriched cell are given in Table 4 , whereas for normal cell all rate constants are the same as listed in Table 3 . The initial concentrations are kept the same as normal cell (Table 2 ) except the number of receptors/cell. Various forms of iron and transferrin concentrations are shown in Fig. 8 for normal, iron-depleted and iron-overloaded endothelial cells during 2 h of incubation with 17.5 nM of holo-transferrin in the apical sides. Fig. 8(a) indicates that in comparison to normal cell, the irondepleted cell has higher amount of apo-transferrin recycling to blood side whereas iron-enriched cell has lower amount of recycling of apotransferrin. Since the iron-depleted cell needs more irons than ironenriched cell to maintain the proper cell functioning, the acidification rate in endosomal compartment is higher for iron-depleted cell than iron-enriched cell [22] . This leads to higher amount of apo-transferrin recycling in iron-depleted case. However, to meet the brain needs of iron and transferrin, the transferrin-bound iron is not significantly changed in different types of cells (see Fig. 8(b) ). On the other hand, due to low acidification rate in endosome, in an iron-enriched cell, the non-transferrin bound iron is greatly reduced in the brain side (see Fig. 8(d) ). The accumulation rate of free irons in the LIP is shown in Fig. 8(c) . Due to high acidification rate of holo-transferrin in iron-depleted cell, the irons accumulate quickly during the first hour, and then the accumulation decreases to meet the high demand of irons in mitochondria and other cytoplasmic iron-dependent organelles. For iron- enriched cell, a low iron accumulation is observed throughout the 2 h period. Fig. 9 shows the bar chart of transferrin-bound (holo-transferrin) and non-transferrin bound (free) iron for three different cell types after 2 h incubation with 17.5 nM of holo-transferrin in the apical side. For normal cell, 2.1 ng/cm 2 of holo-transferrin is transported to the brain side by the endothelial cells. Since 1 g holo-transferrins contain 1.375 mg of iron, there are 2.9 pg/cm 2 of irons transported as bound to transferrin, and only 0.32 pg/cm 2 iron is transported to brain side as free iron. In other words, 10% of total irons are transported to the brain side as ion and the rest are transported as transferrin-bound iron. The free iron transported to the brain side becomes 2% and 14% for ironenriched and iron-depleted cell, respectively. The changes in iron transport (both as free and transferrin-bound) from the normal cell condition are shown in Table 5 for iron-depleted and iron-enriched cell. Our model shows that there is nearly 75% decrease in free iron in ironrich cell, while there is approximately 20% increase in free iron in irondepleted cells. These changes in iron contents qualitatively agree with experimental observations of Brudo et al. [22] .
Conclusions
A comprehensive mathematical model is developed for kinetics of transferrin endocytosis, recycling, and exocytosis during the iron transport through the BBB endothelial cells. The model takes into account two possible pathways of iron transport from blood to brain in an in-vitro scenario. Unknown kinetic parameters are determined by a non-linear optimization technique by comparing our model prediction with experimental data. Based on the estimated rate constants, our model was able to predict the iron and transferrin transport behavior in a number of in vitro scenarios. Like any parameter estimation process, our predicted rate constants are valid for the specific scenarios presented and assumptions used.
We have shown that our model can be used to predict the timedependent asymmetric efflux of transferrin through apical and basolateral surface of brain capillary endothelial cells. Although some experimental observations suggest saturation of transferrin accumulation inside the endothelial cell for higher holo-transferrin concentration (> 10 nM) in the blood, this transferrin saturation can be prevented by altering the receptor expression. Transferrin accumulation inside the cell can also be enhanced by recruiting transferrin receptors from intracellular pool to active endocytic pool.
Our pathway based model was used to predict the concentration of various compounds at different compartments during the transport of iron through BBB endothelial cells. Our results indicate that, for a healthy cell, iron transport rate through brain side increases with increasing holo-transferrin concentration in the blood side. A similar finding is obtained for recycling of apo-transferrin with change in holotransferrin concentration in the blood side.
We also studied the iron transport mechanism in iron-rich and irondeficient cells. Our results indicate that the cell iron status controls the acidification rate in the endosome and determines the extent of two possible iron transport pathways in BBB endothelium. Model results also suggest that the free iron transport to the brain side significantly reduced in iron-enriched cell, whereas, a slightly increased free iron transport is predicted in an iron-depleted cell. Our numerical results also show that due to high utilization of the iron in iron-depleted cell, a large quantity of irons are not transported in the brain side although there is a high acidification rate in the endosome. The rate of transferrin recycled to the blood side is higher for iron-depleted cell compare to iron-enriched cell. This results in a higher iron accumulation in LIP for iron-deficient cells.
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